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Abstract 
The physics of planetary radiation fields has been re-examined to 
derive formulae describing analytically the heating and cooling processes 
of the Martian atmosphere in local thermodynamic equilibrium (LTE). The 
computational algorithm required for the numerical solution of the radi- 
ative heating and cooling in the Martian atmosphere has been outlined. 
Spectral data for near and far IR COP bands have been provided. 
A model was assumed for the Martian atmosphere in LTE, characterized 
by 100% C02, plane-parallel stratification, with no particulates embedded, 
scattering by molecules excluded, and neglecting the reflection of solar 
radiation at the ground. However, radiative equilibrium has not been 
assumed, because this assumption would have made the heating and cooling 
rates identically zero. Since mechanisms other than radiation are assumed 
to transport heat in the atmosphere, the condition of radiative equilibrium 
would be senseless. 
A quasi-random model has been used to arrive at an appropriate analytic 
form of the transmission function. This function is then inserteO in the 
mathematical expressions of the integrated upward and downward fluxes at 
the parametric reference level. The downward flux formula includes solar 
radiation and atmospheric long-wave radiation, whereas the upward flux 
expression involves the Martian surface and atmospheric layer radiation. 
The numerical values of C02 transmission in the spectral region from 
1 - 20 micron have been calculated by Stull, Wyatt and Plass. The appro- 
priate band parameters were obtained from Prabhakara and Hogan's investi- 
gation. 
The radiative transfer theory, its computztional algorithm, and the 
spectral data of C02 and solar radiation for the Martian atmosphere, as 
presented in this paper, p,rovide the means for computing the radiative 
heating and cooling rates for the atmosphere of Mars at any latitude, once 
the temperature sounding is given for the location. 
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I. Introduction 
1 - The adopted model of the Martian atmosphere. 
In order to formulate analytically the circulation of the Martian 
atmosphere, the radiative processes must be considered. The physical 
need for this consideration may be seen in the way an atmospheric system 
receives and converts radiant energy, i. e . ,  absorbing solar radiation 
and truly emitting long-wave radiation by means of an intrinsic transfer 
mechanism. Because of the complexity of the interaction between various 
layers of the Martian atmosphere and the radiation quanta of numerous 
frequencies and different directions, it is advisable to define an atmos- 
pheric model. 
conditions: 
The one adopted here is described by means of the following 
2; the atmosphere is planetary and finite consisting of 100% CO 
no other constituent considered; 
no suspensoids in this model atmosphere; model "air" is clean; 
no scattering present (for clean "air" it would be a Rayleigh 
type of scattering); 
local thermodynamic equilibrium (LTE) existent up to 50 km.; 
Doppler broadening of the spectral lines negligible (this as- 
sumption appears to be less critical than the one of LTE); 
Doppler broadening might become important beyond 80 km. in the 
Martian atmosphere; 
the surface of Mars as the lower boundary of its atmosphere is 
assumed not to reflect any solar radiation, although the ground 
is represented by an infinitely large optical depth with respect 
1 
to IR radiation; the latter assumption is applied to terrestrial 
conditions. 
At this point, it is proposed to plan further study in this sector 
in such a way that the set of assumptions is gradually diminished. 
cations of the rather restricted model should be expected, if other con- 
stituents are permitted or scattering is included, to give but two examples. 
Since the computations of the heating and cooling rates will be carried out 
from the ground level up to 50 km., no photochemical processes will be dis- 
cussed in this report. 
65 km., where the molecules and atoms emit and absorb at a rate which is 
determined by the incident radiation rather than by their temperature. 
Modifi- 
Those processes become increasingly important beyond 
2 - The heating and cooling rate. 
As known from the terrestrial atmosphere, there is a very essential 
connection between radiative transfer and atmospheric fluid motion. 
wants to obtain deeper insight into the nature of atmospheric motions, 
specially those created in the convective troposphere, one must investigate 
the distribution of the radiative fluxes and their connection with advective, 
turbulent and molecular heat fluxes. 
If one 
The heating or cooling rate in an atmospheric fluid system is given 
by Goody (1964) as: 
where 
- F : total heat flux 
Fr: radiative heat flux 
: advective heat flux 
- 
- Fa 
: turbulent heat flux 
: molecular heat flux 
- Ft 
- Fm 
h = PC aT(x,y,z,t) 
pat 
2 
The concept "flux" used he re  a c t u a l l y  means n e t  f l u x .  Thus, i t  i s  
r e a l i z e d  t h a t  t h e  r a d i a t i v e  n e t  f l u x e s  should be  considered i n  o rde r  t o  
o b t a i n  t h e  r a d i a t i v e  hea t ing  o r  cooling r a t e s .  These a r e  given, a s  t h e  
above formula shows, by means of t h e  divergence of t h e  r a d i a t i v e  h e a t  f l u x .  
Since t h e  assumption is gene ra l ly  made t h a t  a p l ane ta ry  atmosphere con- 
sists of p l a n e - p a r a l l e l  layers of homogeneous and i s o t r o p i c  d i s t r i b u t i o n  
of matter, on ly  t h e  v e r t i c a l  divergence needs t o  be  taken i n t o  account.  
The computat ional  d e t a i l s  w i l l  be  discussed i n  s e c t i o n  111. 
3 
11. The derivation of the heating and cooling rates. 
1 - Schwarzschild's equation of radiative transfer. 
A critical review of the basic radiative transfer formulae and their 
derivations is appropriate. 
lytical development Kourganoff (1963) has presented. 
The procedure chosen is related to the ana- 
The equation of radiative transfer according to Schwarzschild (1906) 
is given by: 
(2) IJ - d IJx,v,v) = Iy(x;v,v) -j,(x,v> 
P(X> *K~(x,v) dx 
which is the analytical form referring to 
1) a plane parallel atmosphere 
and 2) radiation within the spectral interval (v,v+dv). 
The symbols have the following meaning: 
IJ = cos8 : with e: zenith angle 
P (XI : density of the radiatively active matter as a function of the 
depth x 
K~(x,v) : mass absorption coefficient for radiation within the spectral 
range (v ,v+dv) . 
spectral specific intensity of radiation : 
: source function 
I" 
3-v 
The underlying geometry is indicated by Figure 1. 
4 
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2 - Kirchhoff's law. 
The assumption is made that Kirchhoff's law is valid: 
(3) 
where $is the spectral emission coefficient defined by: 
(4) = dEv dv dvdwdtdm 
with 
dE,: 
dw : elementary solid angle (steradian) 




differential of the spectral energy 
index of refraction (function of frequency v) 
spectral absorption coefficient defined by dI = - IvKvpds 
spectral specific intensity of black radiation (or better enclosure 
radiation). 
V 
It follows from the validity of Kirchhoff's law that molecular col- 
lisions are of sufficient importance as a cause of molecular absorptions 
and emissions. 
that the molecules assume a state characteristic of thermodynamic equili- 
brium at the temperature T. 
Collision battering happens at a large enough rate, so 
3 - Local Thermodynamic Equilibrium (LTE) 
The concept of Local Thermodynamic Equilibrium was defined by 
Schwarzschild (1906). It is intimately connected with Kirchhoff's law. 
The circumstance under which Kirchhoff's law holds implies that each 
elementary volume of an atmosphere can be understood to behave like an 
6 
enclosure as defined by Kirchhoff. It represents a physical system to 
which a temperature can be ascribed, so that the local properties of the 
system are described by Planck's radiation law and Kirchhoff's law. 
Chandrasekhar (1960) formulated the concept of local thermodynamic equili- 
brium in the following way: 
an atmosphere is said to be in LTE when it is possible 
to define at each point in the atmosphere a temperature 
T such that the coefficients of absorption and emission 
are related according to the laws of Kirchhoff and Planck. 
4 - The integral of the Schwarzschild equation with respect to the depth x. 
Within the domain of validity of Kirchhoff's law, we find th,at the 
source function is identical to the Planck function of enclosure radi- 
ation: 
( 5 )  = & = 
KO 
2 
If lJd=l ,  Schwarzschild's equation assumes the form 
Kcurganoff introduces at this point the optical depth 
X 
(7) T9= .,<x,v) =/p (Sky (5  ,v)dS 
-00 
We do not follow that course, but rather keep the geometric depth x 
as the explicit independent variable. Depth rather than height has been 
taken for convenience in order to keep the march of the optical and the 
geometric variable parallel and of the same orientation. The origin of 
the x-axis will be put at the altitude of 50 km. The Martian ground sur- 
7 
face is found at x = 50 km. The Schwarzschild equation, as given under 
(6), describes the transfer of radiation of a specified frequency in a 
given direction v ,  when the re-emission is defined by the Planck function 
B, of the corresponding geometric depth x. 
For a specified frequency, the complete "formal" solution is con- 
sidered to be: 




In order to determine the constant of integration c, the distinction be- 
tween the upward intensity I 
Thus we have 
and downward intensity I,,-, is introduced. 
V+' 
T:  transmission function, where 
= S[(xO-S) ,P,,] 
and 
8 
The a n a l y t i c a l  form of I (xo,u,v) represents  t h e  downward i n t e n s i t y  
The f i r s t  term on 
V, 
a t  t h e  level xo i n  t h e  d i r e c t i o n  1-1 of t h e  frequency v. 
t h e  right-hand s i d e  of t h e  equat ion (10) represents  c o n t r i b u t i o n s  of r a d i -  
a t i o n  from source func t ions  corresponding t o  l a y e r s  above xo up t o  t h e  top  
, 
I 
, of t h e  atmosphere. The second term descr ibes  c o n t r i b u t i o n s  from sources  
i n  o u t e r  space beyond 50 km. of a l t i t u d e .  This  term i s  d e f i n i t e l y  n e g l i -  
g i b l e  f o r  t h e  f a r  I R  r a d i a t i o n ,  whereas the n e a r  I R  r a d i a t i o n  (1 - 5 micron) 
contained i n  t h e  s o l a r  spectrum must be considered f o r  an e v a l u a t i o n  of t h e  
( s p e c t r a l  s p e c i f i c )  downward i n t e n s i t y ,  as can b e  seen i n  Figure 2 with  
r e s p e c t  t o  C02 absorp t ion  bands, 
S i m i l a r l y ,  w e  f i n d  a s  t h e  a n a l y t i c a l  expression f o r  t h e  upward i n t e n s i t y  
1 This  i s  convenient ly  r e w r i t t e n  as 
Taking i n t o  account t h a t  €or  p r a c t i c a l  purposes t h e  ground i s  a black 
body w i t h i n  t h e  I R  range, w e  may s p l i t  the  right-hand i n t e g r a l  and o b t a i n  
l o r  b e t t e r  
~ Y. 
9 
NOtl3IWIl l IW 83d R * S l l V M  
2- 
10 
It can easily be seen that the part of the radiation which is emitted 
from the ground surface, is included here by having the integration ex- 
tended to infinity. The underlying geometry is shown in Figure 3.  
5 - The integral of the Schwarzschild equation with respect to the zenith 
and the azimuth angles. 
So far, only "monochromatic beams" were considered. In order to 
arrive at fluxes, an integration over the hemispheres must be carried 
out. Conveniently, the spherical coordinates (zenith distance and azimuth) 
may be taken. 
First, the spectral (monochromatic) downward intensity is considered. 
Elsasser (1960) has shown that under the condition of independence from 
the azimuth angle (isotropy condition as stipulated earlier) , the downward 
- flux may be written as 
(17) FV, = cosesinede 
For the upward flux we find 
(18) F,+ = 
For black body radiation, the spectral flux, under the restrictions in- 
dicated before, is related to the Planck function by 
where F 
pheric layer of thickness (x 
is the spectral net flux for black body radiation. If an atmos- 
"sb 
- x ) is considered, one finds for a beam 
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. Integrating over the hemisphere, yields 
with 
(24) TF[ (x2-x1) ,V,UI = 
as the flux transmissivity; 
correspondingly: 
u 3 cos e sinede 
Due to Elsasser (1960), the shape of t h e 7  - function is in all 
F 
practical cases very similar to that of the beam transmissivity; there 
is only a slight shift on the x-scale: 
The factor 1.6 is to be entered into the implicit function of depth. 
13 
6 - The integral with respect to the frequency: total flux. 
The integration over the frequency may be carried out in two steps: 
(1) expanding from an infinitesimal dv to a finite A V  by means of 
(27) r =  1 F v d v  = l$p[-~+dx]dv 
(2) then, the full integration may be performed. 
IoAv 
A3 
Thus, the integration over the frequency and zenith plus azimuth 
angles simply calls for the replacement of the intensity 1, by the flux 
F and Tby 5. Doing this, we have finally 
(28) (xo-S) ,vldS+ 
+(flux term of depleted solar near-IR rad.) 
Before we reformulate these two expressions, to have them in a more 
convenient form for the numerical evaluation, we need to discuss the 
transmission function further. 
7 - The transmission function. 
Prabhakara and Hogan (1965) have suggested a "statistical" model 
transmission function of CO 
a given interval of a band, but varies from interval to interval. The 
ratio of line half-width, a ,  to line spacing, d ,  is held constant for a 
particular band. 
for which the line intensity is uniform within 2 
14 
In its general form the transmission function reads 
(30) = exp- [ Io (x)+I1 (x) ] 1 
with x = Sw 
2;;a 
and B = 
d 
S: integrated line intensity a: half-width 
w: radiational path length d: spacing 
For the numerical evaluation of (Io + I ) as a function of x, see for 
instance Jahnke & Emde, (1945, who named the Bessel functions of im- 
1 
aginary argument J (ix) and -iJl(ix)). 
0 
Prabhakara & Hogan (1965) provide a table in which the band para- 
meters x and B 
of CO 
a thorough investigation of the C02 transmission in the region from 1 - 20 
micron. 
(STP condition) are listed for the near IR absorption 
0 0 
as well as 15 micron far IR band. The listing has been based on 2 
The pressure range considered runs from.1 atm to 0.01 atm. (The 
investigation has been carried out by Stull, Wyatt and Plass, 1963.) 
The present author checked very carefully all the formulae offered 
by Prabhakara & Hogan (1965) as well as those published by Elsasser (1960) 
and removed minor inconsistencies. The radiational path-length through 
the absorbing gas has been reduced to standard temperature and pressure 
(STP) conditions and is given by 
(31) w $1 > secede, 
where secO<o for 1"- 
F 
XO 
"+ and secelo for I 
1 5  
Since t h e  self-broadening of t h e  CO 
a f a c t o r  1.3 t o  t h e  p r e s s u r e ' i s  a p p r o p r i a t e ,  a s  i n d i c a t e d  by Robinson 
(1966). The e f f e c t i v e  p r e s s u r e  i s ,  t h e r e f o r e ,  
s p e c t r a l  l i n e s  is  very  e f f i c i e n t ,  
2 
P* = 1 . 3 ~  
ins tead  of p. 
By means of t h e  band parameters a t  STP 
and 
(33) 
and the a c t u a l  va lues  of t h e  atmospheric pressure  and t h e  r a d i a t i o n a l  path- 
length,  t h e  a c t u a l  band parameters x and B can e a s i l y  be computed. 
As Prabhakara & Hogan (1965) mention, Hanel and Barko (1964) found 
t h a t  the temperature dependence of t h e  i n t e g r a t e d  l i n e  i n t e n s i t y  S i s  neg- 
l i g i b l e  f o r  t h e  near  I R  bands up t o  5 micron. 
i n t o  account f o r  t h e  15 micron band. The present  author  has  made numerical  
computations f o r  var ious  cases i n  t h e  f a r  I R  range and has  come t o  t h e  con- 
c lusion t h a t  neglec t ing  t h i s  dependence would in t roduce  e s s e n t i a l  e r r o r .  
However, i t  must be taken 
The a n a l y t i c a l  
of temper  a t  u r e  
expression f o r  t h e  i n t e g r a t e d  l i n e  i n t e n s i t y  as a func t ion  
i s  given by 
( 3 4 )  S = So. exp r - [ Eo - $1 
16 
where 
S : the line intensity at temperature T 
so: 
I' : coefficient of temperature dependence of the line intensity. 
To put more emphasis on this matter, an example is given for the 825 cm'l 
spectral line: 
the line intensity at temperature To (273OK) 
3 = 273'K, and r = 3 x 10 . 
TO 
suppose T = 150°K, 
By applying formula ( 3 4 ) ,  we obtain 
This remarkable result shows how strongly the integrated line inten- 
sity depends on the temperature. 
if one remembers that in the kinetic gas theory the temperature is interpreted 
as the average kinetic energy of the molecules, i.e. the very collision 
activity which is so crucial for the existence of LTE. 
The result is, however, not surprising 
The present author has carried out a series of computations to establish 
consistency between his results and those presented by Prabhakara & Hogan 
(1965). 
was whether or not the strong line approximation is good enough for the 
weak lines of the near IR absorption bands of C02.  Although there was a 
difference in the resulting numerical value of the transmission function 
in its general form and the one in the form for strong lines, the difference 
is judged to be of minor importance, because the transmission for the weak 
The agreement is very satisfactory. One of the questions checked 
lines is very large, that is to say, the absorption is very 
2 '  in the present modcl of the Martian atmosphere of 100% CO 
centration of the gas gradually but continuously decreasing 
small. Therefore, 
with the con- 
in the vertical, 
17 
the difference between the general form and the stronq 
line approximation of the transmission function is as- 
sumed to be immaterial. (First approximation) 
Finally, the special form of the transmission function is obtained 
incorporating all the specifications discussed in this section: 
Taking as the average temperature between 0 and 50 km. T = 180°K, we find 
(To/T) = (273/18:?= 1.11. 
Martian troposphere and stratosphere is assumed to run from 150°K to 234'K, 
-% 
If the total range of the temperature in the 
an inaccuracy of f6% is introduced by taking the average temperature in- 
stead of the actual level temperature (maximum deviation). 
112 
Multiplying through all numerical factors, i.e., 0.8, 1.11, (1.3) , 
we obtain 1.01 which is taken as 1. 
Thus, we have for the transmission function 
112 
(36) 7-  exp- ~ * C & P  r[h - $l]*fi] 
The expression (exp r [io - - $]?assumes the numerical value 1.0 in the case 
of the near IR bands, as mentioned above. However, for the far IR bands 
about 15 micron, the numerical value of r varies by more than one order of 
magnitude. A listing of the numerical values of this quantity is included 
in the table of the band parameters at the end of this report. In order 
to test the deviations from the value of the transmission function obtained 
by using the full form of the formula, computations were carried out for 
which l' was varied within its listed range. The deviations are considered 
to be substantial, since the numerical value of the transmission function 
- 18 
. may vary by 50%. 
In equation (36), the radiational path length w should be multiplied 
by the factor 1.6 (as indicated on page 13 of this report), if we go from 
the beam transmission to the flux transmissivity. Furthermore, equation 
(31) requires that the path length integral include the pressure which is 
to be multiplied by 1.3 to account for the intense self-broadening of CO 2 '  
Incorporating these factors and replacing (p/po) (To/T) by (p/po) ,  we 
arrive at the form of the transmission function to be used for the numerical 
evaluation: 
with po: the density of the absorbing gas at STP. 
8 - Direct absorption of incoming solar radiation by C02. 
An analytical form must be found for that part of the solar radiation 
which penetrates the Martian atmosphere and is absorbed by carbon dioxide 
in well-defined near IR bands (Prabhakara & Hogan, 1965, citing Stull, 
Wyatt and Plass, 1963). 
F. Bates presents his temperature curves as mean annual, subsolar 
meridian-soundings at various latitudes. 
noon sun but also the solar radiation before and after noon will have an 
important bearing on the modification of the thermal stratification of 
the Martian atmosphere at the subsolar meridian. 
to consider a sufficiently long time-period rather than a well-determined 
instant. 
sorption of near IR solar radiation at an isolated instant followed by an 
It is assumed that not only the 
It is proposed, therefore, 
As a matter of fact, there is no such thing as the direct ab- 
19 
immediate spread of t h e  generated r a d i a n t  h e a t  a t  t h e  same i n s t a n t .  ' 
Therefore,  an  adequate t i m e  i n t e r v a l  should b e  taken w i t h i n  which 
r a d i a t i v e  hea t ing  (or  cool ing)  may e f f e c t i v e l y  be produced i n  an atmos- 
pher ic  s c a l e .  It would b e  p l a u s i b l e  t o  s p l i t  a 24-hour per iod  i n t o  two 
e q u a l h a l f s ,  s i n c e  a mean annual sun i s  assumed. 
t h a t  the s o l a r  o r b i t  be i n  t h e  e q u a t o r i a l  plane.  
This assumption i m p l i e s  
The e q u i p a r t i t i o n  of t h e  d i u r n a l  t i m e  per iod ,  however, does n o t  
really take  i n t o  account t h e  enhanced s o l a r  incidence about t h e  noon 
hour. It i s  f o r  t h i s  reason t h a t  t h e  i n t e r v a l  
from 9 a.m. t o  3 p.m. 
is  chosen centered a t  t h e  re ference  meridian.  (The same t i m e  i n t e r v a l  
should b e  taken f o r  t h e  h e a t i n g  and cool ing r a t e s . )  
The var ious  l a t i t u d e s  in t roduce  t h e  cos-function f o r  t h e  mean annual 
sun as Figure 4 shows. 
f o r  the noon sun can be v i s u a l i z e d  t o  b e  f i x e d  with Mars as t h e  p l a n e t  
r o t a t e s  about its axis completing a (21~)-radian i n  24 hours  and 37 minutes.  
The s in-funct ion of t h e  azimuth angle  d e s c r i b e s  a n a l y t i c a l l y  t h e  exposure 
of the e f f e c t i v e  c ross  s e c t i o n  t o  t h e  sun a t  any i n s t a n t  of Mars' r o t a t i o n .  
In order t o  o b t a i n  t h e  s o l a r  inc idence  t o t a l i n g  over 6 hours (9 a.m.  - 
The e f f e c t i v e  c r o s s  s e c t i o n  of normal inc idence  
3 p.m.) as a f i r s t  approximation, an average i s  computed f o r  t h e  s in- func t ion  
w i t h  a being t h e  azimuth: 
Thus, t h e  s o l a r  incidence a t  t h e  top  of t h e  atmosphere and f o r  a 
l a t i t u d e  of 4 degrees averaged over t h e  6-hour i n t e r v a l ,  may b e  formulated 
i n  the following way: 
20 
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where EZ(v) is the solar energy within the frequency interval (v,v+dv) of 
normal incidence per unit area and per unit time at the top of the atmos- 
phere at the equator. 
The near IR solar flux density at the depth xo will depend on the 
spectral transmissivities of the specific absorption bands of CO 
near IR for the atmospheric layer between the top and the depth x . There- 




the beam-transmission function which equals the flux transmissivity whose 
argument was divided by the factor 1.6, and then integrated over the fre- 
quency : 
O)T[ ( ~ ~ - 0 )  ,v]~v 
This is the formula used in the numerical evaluation. 
22 
'111. 'The computational procedure. 
1 - The analytical expression of the heating and cooling rates. 
As shown in section 82 of the introdiiction, the heating or cooling 
rate is given by 
1 <Fnet - Fnet) 
(41) at PCp AX = - -
with the net flux appropriately defined as 
( 4 2 )  Fnet = (Fdown - F~p) 
in the new coordinate system with x as depth from 50 km of elevation 
downward. Formula (41) indicates that the net flux difference has to 
be considered. 
which is deeper than xl, etc., the net flux difference can be formulated 
2 
Designating by F(2) the upward f lux  at the depth x 
UP 
( 4 3 )  
As can be seen from this expression, the downward as well as the upward 
fluxes at the depths x2 and x 
formed, in order to obtain the net flux difference between the levels x2 
and xl. By applying (41), we would arrive at the numerical value of the 
heating or cooling rate. 
have to be computed, then their differences 1 
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2 - The computational form of the flux expressions. 
Looking at the formulae of the downward and upward fluxes, as given 
by (28) and (29), we realize that double integrals with integrands con- 
taining a derivative with respect to the depth x must be quantitatively 
evaluated. 
Furthermore, the data for the CO band parameters refer to wave- 
2 
-1 number n (cm ) instead of frequency v(sec-l). The relation between 
these two quantities is very simple: 
(44) v = cn; dv = cdn 
with 
c = 3 x lo1' (cm.sec-l) as the speed of light. 
Considering the relation 
2h c3n3(cdn) = Bn(T)dn 3 2h v dv E -
c2 .hv/KT-1 e 
Bv(T)dv = -
(45) ~2 hcn/KT-l 
we see that we simply replace Bv*dv by B dn in agreement with Elsasser 
(1960). 
n 
We apply these relationships to (28) and (29) and obtain: 
QD x* r r  
for the downward flux, and 
(47) F+(xo> = ,nldS+ 
for the upward flux. 
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The explicit form of B , the Planck function, is n 
2 3  (2hc )n 
e hcn/KT-l (48) Bn = 
(ergs.cm -2 .sec -1 .cm.sterad. -1 ) 
Additionally, the relationship 
(49) 
F Bn = I T B ~  
was used, where 
(50) BF n = JJBncosesineded$I , 
0 0  
assuming that Bn is not a function of the zenith angle 8 and the azimuth $I. 
This is generally done (see Elsasser, 1960), although it is not exactly 
true. However, it is certainly sufficient as a first approximation and 
in the light of all the other assumptions made. 
The flux formulae (46) and (47) are rewritten for an easier numerical 
calculation. First, the wave-number integral is replaced by a sum using 
the finite-difference method; in the case of the downward flux, we have: 
M 
II k = l  
with 
N: number of spectral intervals given by the table of the band para- 
meters, excluding the interval (1900 cm 
number of spectral intervals of only the near IR bands excluding 
the far IR bands (15 micron). 
-1 
to 7775 cm-I); 
M: 
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At this point, strong emphasis is put on the fact that the long-wave 
radiation spectra of the Martian atmosphere with mean temperatures T~285'K 
and maximum intensities due to Wien's displacement law at wave lengths larger 
than 10 micron (or wave-numbers less than 1000 cm ) do not contain an 
energy amount worth mentioning (less than 1% of the total flux density) 
below 4.5 micron. Therefore, the first right-hand sum strictly refers to 
-1 
the 15 micron bands of C02,  and the second sum refers 
IR bands from 1.3 to 4 . 3  micron. This fact makes the 
much easier. 
uniquely to the near 
numerical computation 
We have mentioned before, that there are tabulations of the Planck 
function available. (Jahnke & Emde, 1945: In relation to this table book, 
a warning must be given. The numerical values are good for plane-polarized 
radiation; in order to obtain the appropriate unpolarized radiation data, 
the factor 2 must be applied.) 
With respect to formula (51 ) ,  attention is called to the fact that 
is the flux-transmissivity, see formula (37), whereas in the second right- 
hand sum is the beam-transmissivity which may be obtained from 
ing the argument of this function by the factor 1.6: 
by divid- F 
A tabulation of the solar irradiance is presented in the appendix of this 
report. 
to the condition at the top of the Martian atmosphere. 
The table values must be multiplied by the factor 0.432 to adjust 
Additionally, a transformation of the units is needed. The irradiance 
-2 -1 -1 -2 -1 is given in (watts.cm .micron ) . The units used are (ergs.sec .cm .cm ) . 
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Analdgously, we proceed with the upward flux and arrive at 
Since the upward flux stems in part from the Martian surface and in part 
from the atmospheric layers below the reference level x 
depth), the temperatures involved here are less or equal to 285'K (atmos- 
pheric temperature at the surface as given by F. Bates). 
Planck Function Bn(x,n) have the characteristics discussed in conjunction 




As a next step of adjusting the expressions ( 4 6 )  and (47) for com- 
putational purposes, the depth integrals are rewritten as sums applying 
again the method of finite differences. Thus formula (51) for the down- 
- ward flux reads 
N L 
As can be seen, we have replaced the differential dS by Ax . 
approach computation, it seems to be sufficient to assume 
For a first- m 
Ax = 5 km., m ( 5 5 )  
beginning at the latitude of 50 km which corresponds to x = 0 km of depth: 
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AX = 5  - 0  = 5 k m  
Ax2 = l o - 5  = 5 k m  
1 
etc. 
AX = 5 0 - 4 5 = 5 k m  10 
We obtain through this procedure 10 layers each 5 km thick. The 
troposphere of the midlatitudinal Martian atmosphere consists of 4 of 
those layers and the stratosphere up to 50 km of altitude is made up of 
6 layers. Since the computation of the downward flux F-(x ) should be 
performed with respect to the reference level x 
layers will contribute to F-(xo), which are above x 
0 
only those 5 km -- 
0' 
e.g., if x = x 
0' 0 3  
= 15 km, only the layers Axl, Ax2, and Ax will be considered. Thus, 3 
L is a function of the reference level. From here, it follows that 
(56) 
r(x -x >,ni]-~[(xO-x ,nil with j = 1,2 ... L 
F o j  j -1 
means the difference of the two flux transmission functions, see formula 
(37), where x 
downward flux, and n 
The geometric detail and the computation method are presented in Figure 5 .  
The two braces in Figure 5 indicate to which layer each transmission function 
belongs. However, one must carefully avoid the conclusion, that the difference 
of the two functions represents the transmission between x2 and x 
this conclusion cannot be drawn, becomes clear from (37) which presents 
an exponential function of pressure p, the temperature T and the radiational 
depth. 
is the atmospheric depth at which we wish to obtain the 
0 




* -  x x 4 x- J x- x q  
X 
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Therefore, for a fixed spectral interval with respect to F(xo) the - 
method outlined below should be followed: 
first, determine the reference level x ' 
0 )  
second, establish numerically the flux transmission function for all the 
layers (xo - x ), running m from 1 to L, where xm = x 
level included; 
is the last m 0 
third, form all the differences after formula ( 5 6 ) ;  
fourth, determine the Planck functions corresponding to the depths x,,, 
(which in effect means a temperature T (OK) from the given sounding); 
fifth, multiply those Planck functions B (xm,ni) with the appropriate 
"i 
transmission functions difference; 
sixth, add all those products to obtain the sum included in the brackets 
of the first right-hand term of formula (54); 
seventh, multiply this sum with the numerical value of the spectral in- 
i' terval An 
Now follows the variation of the wave number n (as the central value i 
of the spectral interval given by the table of the band parameters in the 
Appendix). 
For the next spectral interval chosen, one proceeds to the eighthstep, 
Upon completion of the variation i.e., repeating the first to seventh step. 
of the wave-number n i' 
is numerically established; 
the frequency sum (first right-hand term of ( 5 4 ) )  
ninth, multiply by 51,  determining thereby the complete first right-hand term. 
In a similar fashion, we proceed to numerically evaluate the second 
right-hand term which is easier since only the frequency sum has to be de- 
termined. 
given in the Appendix. 
S The numerical values of the solar irradiance Eo(nk;4=O) are 
30 
Turning to the upward flux in (53), we again express the depth 
integral by means of a sum: 
The procedure is analogous to the nine steps discussed above. The second 
right-hand term of (57) which is the radiation coming from the ground and 
partially depleted by the interfering layer (xs - xo), represents only the 
frequency or better the wave-number sum. Therefore, it is easier to evaluate. 
Once more, it is emphasized that the flux transmission function given by 
expression (37) is an exponential function for which the functional argument 
is a square root; among other factors within that argument, we find the 
atmospheric pressure and the radiational depth in form of an integral. 
This integral is numerically calculated by replacing it with a finite- 
difference sum taking as the depth increment dx a thickness of 5 km. Since 
the layer is eventually 50 km of depth, the pressure p is to be taken as 
the mean pressure of the layer. This approach to the flux transmission 
function and its numerical evaluation may be extended to the transmissivities 
in the other terms of the upward and the downward fluxes. 
3 - The computation of the heating or cooling rate. 
Once we have determined the upward and the downward fluxes not only 
for one specific reference level xo, but for all possible reference levels, 
i.e. for xo being equal to 0, 5, 10, 15, 20, 25, 30, 35, 40, 4 5 ,  and 50 km 
of depth (11 depth levels), then we proceed to numerically calculate the 
net flux difference as indicated in formula ( 4 3 ) .  
31 
It is recommended to have a close look at Figure 6 to keep prb- 
cedures in order. 
Upon completion of the numerical evaluation of the net flux dif- 
ferences, these must be divided by the negative product of the density 
times the specific heat at constant pressure of CO 
increment of 5 km. This will immediately present the numerical figure 
of the rate of heating or cooling, after the appropriate adjustment of 
the time increment has been made. Since the tabulations of the Planck 
function as well as those of the solar irradiance are commonly given 
per second, we would receive values of the heating or cooling rates in 
degrees Kelvin per second. However, since a six-hour average was ap- 
plied for the solar radiation incident at the top of the Martian atmos- 
phere, a heating rate in OK-sec 
See our discussion of the matter on page 20 of this report. 
times the depth 2 
-1 averaged over six-hours is obtained. 
It is evident that those values of the heating or cooling rates 
refer to the centers of the 5 km - layers, in other words, if the net 
flux difference had been computed between 10 and 15 km of depth as an 
example, the rate would refer to 12.5 km. 
Thus, the complete computation yields 10 data points for the heat- 
ing or cooling rates over a depth of 50 h. 
six-hourly heating or cooling may be drawn. 
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Appendix I .  
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1 2.7 x 10 
5.0 x 10' 
1 1.7 x 10 
6.0 x 10' 
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5.0 x 10 
0 1.6 x 10 
7.0 x lo1 
1 2.0 x 10 









5.0 x 10 





















far IR absorption band of C02 
i 
15 1 850-800 2,5 0.24 3.0 l o3  
1.3 x 10 3 
3 2 800-750 2.0 0.24 2.0 x 10 
3 750-700 5.0 x 10-1 0.24 
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0.24 4.0 x 10 4.5 x 10 
0.24 1.0 x 10 2.5 x 10 





S O W  SPECTRAL IRRADIANCE DATA 
(after Robinson, N.; data from J.S. Johnson) 





















































































































































































Busbridge, I.W., 1960: The mathematics of radiative transfer, Cambridge 
At The University Press. 
Chandrasekhar, S., 1960: Radiative Transfer, Dover Publ.; New York. 
Elsasser, W.M., 1960: Atmospheric radiation tables, American Met. SOC., 
monograph 1/23, Boston. 
Finkelnburg, W., 1964: Structure of matter, Springer Verlag, Berlin. 
Goody, R.M., 1964: Atmospheric radiation I, theoretical basis, At The 
Clarendon Press, Oxford. 
Jahnke E. 6 Emde, F., 1945: Tables of functions with formulae and curves, 
Dover Publ., New York. 
Kondrat'yev, K. Ya., 1965: Radiative heat exchange in the atmosphere, Pergamon 
Press, Oxford. 
Kourganoff, V.m 1963: Basic methods in transfer problems, Dover Publ., 
New York. 
Moeller, F., 1957: Strahlung in der unteren Atmosphaere; Handbuch der 
Physik, vol. XLVIII, Geophysik 11, ed. by Fluegge, S.; Springer 
Verlag , Berlin. 
Moeller, F. & Manabe, S., 1961: Ueber das Strahlungsgleichgewicht der 
Atmosphaere, Zeitschrift fuer Meteorologie 15, 1. 
Manabe S. & Moeller, F., 1961: On the radiative'equilibrium and heat bal- 
ance of the atmosphere, Monthly Weather Review 89, 12; Washington. 
Pivovonsky, M. & Nagel, M.R., 1961: Tables of black body radiation 
functions, Macmillan, New York. 
Prabhakara, C. & Hogan, J.S., 1965: Ozone and Carbon dioxide heating in the 
Martian atmosphere, J. Atm. Sc. 2 2 ,  2 .  
Robinson, N. (ed.), 1966: Solar radiation, Elsevier Publ. Co., Amsterdam. 
Schwarzschild, K., 1906: Ueber das Gleichgewicht der Sonnenatmosphaere, 
Goettinger Nachr. 41. 
Sobolev, V.V., 1963: A treatise on radiative transfer, Van Nostrand CO., 
New York. 
Stull, V.R., P.J. Wyatt and G.N. Plass, 1963: The infrared absorption of 
carbon dioxide. Infrared transmission studies 111, Rpt. Contract 
SSD-TDR-62-127, Space Systems Division, Air Force Systems 
Command, Los Angeles, Calif. 
40 
